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ABSTRACT
We consider two–dimensional supersymmetric Toda theories based on the Lie super-
algebrasA(n, n), D(n+1, n) and B(n, n) which admit a fermionic set of simple
roots and a fermionic untwisted affine extension. In particular, we concentrate on
two simple examples, the B(1, 1) and A(1, 1) theories. Both in the conformal and
massive case we address the issue of quantum integrability by constructing the first
non trivial conserved currents and proving their conservation to all–loop orders.
While the D(n+1, n) and B(n, n) systems are genuine N = 1 supersymmetric
theories, the A(n, n) models possess a global N = 2 supersymmetry. In the con-
formal case, we show that the A(n, n) stress–energy tensor, uniquely determined
by the holomorphicity condition, has vanishing central charge and it corresponds to
the stress–energy tensor of the associated topological theory.
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1. Introduction
In the recent past Toda field theories have been the subject of extensive investiga-
tions in connection with the study ofW–algebra representations, perturbed conformal
field theories, 2d gravity and its W–generalizations. The bosonic Toda systems are
constructed from a Lie algebra G and depending on whether the algebra is affine or
not the resulting theories are massive or conformally invariant, respectively. They
possess an infinite number of conservation laws which are not spoiled by quantum
anomalies [1, 2, 3]. In the massive case this implies the existence of factorized, elastic
S-matrices [4], which have been determined exactly for all unitary theories based on
affine simply–laced [5] as well as nonsimply–laced algebras [6].
In the region of imaginary coupling constant affine Toda theories represent suitable
perturbations of G–minimal models along a direction which maintains the integrability
properties. The spectrum contains soliton configurations [7] and the corresponding
S–matrix has been proposed for some of the relevant theories [8].
It is interesting to study the fermionic generalization of these models. Fermions
can be added [9] consistently while maintaining the basic property of classical inte-
grability: in this case the field theory is based on a Lie superalgebra [10]. In general
the introduction of fermions does not lead to systems invariant under supersymmetry
transformations; indeed all unitary fermionic Toda theories exhibit explicitly broken
supersymmetry [9]. In order to obtain a supersymmetric model one has to consider
those superalgebras which admit a purely fermionic system of simple roots. By se-
lecting the ones for which the untwisted affine perturbation can be implemented in
a supersymmetric way one is led to consider Toda theories based on the A(n, n),
D(n + 1, n) and B(n, n) superalgebras in addition to the exceptional superalgebras
D(2, 1;α). The A(n, n), D(n+1, n) and B(n, n) models have been recently studied in
Ref. [11, 12]. It has been shown that both in the conformal and in the massive cases
there exist quantum higher-spin conserved currents. Therefore the S-matrix of the
massive theories is purely elastic and factorizes into two-body processes. At the la-
grangian level these theories are nonunitary, nonetheless the particle and soliton mass
spectrum is real and the explicit construction of exact S-matrices could be attempted.
The A(n, n), D(n+1, n) and B(n, n) models possess a local N = 1 supersymmetry at
the conformal point, so they are good candidates to describe N = 1 superconformal
minimal models. This supersymmetry becomes rigid when the systems are perturbed
by the affine interaction. In addition the A(n, n) Toda theory possesses a second rigid
supersymmetry [13]. Its improved, holomorphic stress–energy tensor has zero central
charge and it is the one associated to the topological version of the theory [14]. Then
it is suggestive to interpret the A(n, n) Toda theories as perturbations of the N = 2
superconformal A(n, n− 1) models along integrable, “topological” trajectories where
the N = 2 superconformal invariance is broken down to an N = 1 superconformal
invariance.
In this paper we focus our attention on two explicit examples, i.e. the B(1, 1) and
A(1, 1) Toda field theories. We describe the construction of quantum higher–spin
conserved currents both in the conformal and massive cases. In the A(1, 1) case we
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discuss in detail the role of the N = 2 supersymmetry in connection with topological
aspects.
2. Review of the bosonic Toda theories
The general expression of the Minkowski space lagrangian for a Toda theory based
on a finite Lie algebra G is
S =
1
β2
∫
d2x
[
1
2
∂ν~φ · ∂ν~φ−
r∑
i=1
e~αi·
~φ
]
(1)
where ~αi, i = 1, · · · , r (r = rank of G) are r–dimensional euclidean vectors which
realize the positive simple roots of the algebra, φa, a = 1, · · · , r are real scalar fields
and β is the coupling constant. The classical equations of motion can be written as
✷φj = −
r∑
i=1
Cjie
φi (2)
where we have defined φj ≡ ~αj · ~φ and Cij ≡ ~αi · ~αj . Being the symmetric matrix Cij
invertible the potential in eq.(1) does not possess minima at finite values of the fields,
so that the theory has no classical stable point. The theory is conformally invariant
since its stress–energy tensor, suitably improved, is traceless. In order to show this
explicitly it is convenient to use light–cone coordinates:
z ≡ x+ = 1√
2
(x0 + x1) z¯ ≡ x− = 1√
2
(x0 − x1)
∂ ≡ ∂z = 1√
2
(∂0 + ∂1) ∂¯ ≡ ∂z¯ = 1√
2
(∂0 − ∂1) ✷ = 2∂∂¯ (3)
and define light–cone components of the stress–energy tensor
T ≡ T++ = T00 + T11 + 2T01
T¯ ≡ T−− = T00 + T11 − 2T01
Θ ≡ T+− = T00 − T11 (4)
Using the equations of motion from eq.(1) it follows that
T = −∂~φ · ∂~φ + 2
β
~ρ · ∂2~φ (5)
is conserved and traceless, ∂¯T = 0, whenever ~ρ is the Weyl vector of the algebra:
~ρ =
r∑
i=1
~ωi ~ωi · ~αj = δij (6)
2
To stabilize the vacuum of the theory one can add new exponential terms to the
potential in eq.(1). In general this will introduce a mass scale and destroy the con-
formal invariance of the theory. However certain classes of perturbations do maintain
the integrability property which the theory possesses at its conformal point. This is
achieved by adding the perturbing term
1
β2
e~α0·
~φ (7)
where ~α0 is an extra euclidean r–dimensional vector such that the set (~α0, ~α1, · · · , ~αr)
forms an extended, but admissible root system described by an affine Dynkin diagram
of the algebra. The simplest possibility is to consider the set which realizes the
untwisted affine extension of the algebra, for which ~α0 is the negative of the highest
root of G. In the affine version the Toda potential has a minimum at finite values of
the fields. One can shift the φi’s so that the minimum is at φi = 0 and the potential
can be written as
V (~φ) =
r∑
i=0
qie
~αi·~φ (8)
where qi are the Kac labels of G defined by the condition ∑ri=0 qi~αi = 0, q0 = 1.
The classical integrability of such theories, i.e. the existence of an infinite number
of conserved currents, follows from the identification of the Toda field equations with
the integrability condition of a linear problem. Given the r generators ~h of the Cartan
subalgebra of G and the basis vectors e±j associated to the positive and negative roots
(~α0, · · · , ~αr) satisfying the commutation relations
[~h,~h] = 0 [~h, e±j ] = ±~αje±j [e+i , e−j ] = δij~h · ~αi (9)
one defines the Lie algebra–valued gauge connection
A = ∂~Φ · ~h+ λ
r∑
j=0
e+j A¯ =
1
2λ
r∑
j=0
qje
~αj ·~Φe−j (10)
where λ is the spectral parameter. The integrability condition of the linear Lax
system
(∂ + A)χ = 0 (∂¯ − A¯)χ = 0 (11)
is then
∂¯A+ ∂A¯ + [A, A¯] = 0 (12)
Using the commutation relations in eq.(9), it is straightforward to check that the zero
curvature condition in eq.(12) is equivalent to the Toda equations of motion with the
perturbed potential in eq.(8). The system (11) guarantees the existence of an infinite
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set of classical conserved currents [15]. (The quantum version of these currents has
been studied in Refs. [1, 2, 3].)
3. N=1 supersymmetric Toda theories
Toda theories that contain fermionic as well as bosonic fields are constructed from
a Lie superalgebra G. Lie superalgebras have been classified by Kac [10] on the basis
of the associated Cartan matrix. A distinguishing feature is given by the fact that
the system of simple roots for a given Lie superalgebra is not unique (up to a Weyl
transformation). In general it is possible to define several unequivalent sets which
have a different content of fermionic roots: they are related by generalized Weyl
transformations associated to fermionic roots [16].
As for the bosonic case, the classical field equations can be viewed as the zero
curvature condition on a Lax connection in N = 1 superspace (z, z¯, θ, θ¯), where z,
z¯ are the Minkowski space light–cone coordinates defined in eq.(3) and θ, θ¯ are the
(1,1) spinor coordinates. The corresponding covariant derivatives
D = ∂θ + iθ∂ D¯ = ∂θ¯ − iθ¯∂¯ (13)
satisfy the commutation relations {D, D¯} = 0, D2 = i∂, D¯2 = −i∂¯. We denote by ~Φ
the superfields
Φa = φa +
1√
2
θψa +
1√
2
θ¯ψ¯a + θθ¯F a a = 1, . . . , r (14)
where r is the rank of G. Introducing the r generators ~H of the Cartan subalgebra of
G, and the even (odd) generators E±i associated to the positive and negative bosonic
(fermionic) simple roots, satisfying the graded commutation relations
[ ~H, ~H] = 0 [ ~H,E±j ] = ±~αjE±j [E+i , E−j } = δij ~H · ~αi (15)
we define the two Lie superalgebra–valued gauge superfields [9, 17]
U = D~Φ · ~H − λ

∑
j∈F
E+j + θ
∑
j∈B
E+j


U¯ = − 1
2λ

∑
j∈F
qje
~αj ·~ΦE−j + θ¯
∑
j∈B
qje
~αj ·~ΦE−j

 (16)
where B and F are the two subsets of bosonic and fermionic simple roots respectively
and λ is the spectral parameter. The integrability of the Lax pair
(D + U)χ = 0 (D¯ + U¯)χ = 0 (17)
corresponds to the flatness condition on the Lax connection
D¯U +DU¯ + {U, U¯} = 0 (18)
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Once again, using the commutation relations in eq.(15), one can show that equation
(18) coincides with the equations of motion derivable from the Toda action
S =
1
β2
∫
d2zd2θ
[
D~Φ · D¯~Φ +∑
i∈F
qie
~αi·~Φ + θθ¯
∑
i∈B
qie
~αi·~Φ
]
(19)
where d2z = dzdz¯ , d2θ = D¯D and β is the coupling constant. If bosonic roots are
present in the Dynkin diagram of G supersymmetry is explicitly broken by the last
term in the action.
At the classical level these theories are integrable as a consequence of the identi-
fication of the Toda field equations with the linear problem in eq.(17).
In order to obtain Toda theories with N = 1 unbroken supersymmetry one has to
consider Toda models associated to Lie superalgebras which admit a purely fermionic
root system. In the following we will restrict ourselves to these cases with the addi-
tional requirement that the untwisted affine extension be realized by ~α0 = −∑ri=1 qi~αi
with ~α0 fermionic. This selects the following superalgebras:
1) The unitary series A(n, n) ≡ sl(n + 1, n + 1; C), n ≥ 1. The superalgebra A(n, n)
is not simple; it possesses a one–dimensional graded invariant subalgebra generated
by the basis element I2n+2. A(n, n) is then defined as sl(n + 1, n + 1; C) factored by
this subspace.
2) The orthosymplectic series D(n+1, n) ≡ Osp(2n+2, 2n; C), n ≥ 1 and B(n, n) =
Osp(2n+ 1, 2n; C), n ≥ 1. These superalgebras are simple.
3) Among the exceptional superalgebras only D(2, 1;α), α 6= 0,−1, have a fermionic
Dynkin diagram with the affine extension also fermionic. They are deformations of
the D(2, 1) superalgebra.
The corresponding purely fermionic Dynkin diagrams and their untwisted exten-
sions are given in Fig. 1.
The quantum conservation laws for the A(n, n), D(n + 1, n) and B(n, n) super-
symmetric Toda theories have been studied extensively in Refs. [11, 12]. In what
follows we will give the results for the two particularly simple cases of the B(1, 1) and
A(1, 1) models.
4. The B(1, 1) Toda theory
We consider the N = 1 supersymmetric Toda theory associated to the Lie superal-
gebra B(1, 1) ≡ Osp(3, 2). The fermionic Dynkin diagram contains two simple roots
( see Fig.1 ). They can be realized in terms of two–dimensional euclidean vectors:
~α1 = (1,−i) ~α2 = (0, i) (20)
Therefore the corresponding Toda theory contains two superfields whose dynamic is
described by the following action:
S =
1
β2
∫
d2zd2θ
[
DΦ1D¯Φ1 +DΦ2D¯Φ2 + e
Φ1−iΦ2 + 2eiΦ2
]
(21)
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The equations of motion for Φ1 and Φ2 are
DD¯Φ1 =
1
2
eΦ1−iΦ2
DD¯Φ2 =
1
2
(
−ieΦ1−iΦ2 + 2ieiΦ2
)
(22)
As described in the previous section, this theory is classically integrable. The most
practical way to obtain explicit expressions for the conserved supercurrents is via the
Miura operator [18, 12]
∆(~Φ) = (D +D~Φ · ~λ5)(D +D~Φ · ~λ4) · · · (D +D~Φ · ~λ1) = D5 +
4∑
i=0
W (2−
i
2
)Di (23)
where ~λj , j = 1, · · · , 5 are the weights of the fundamental representation, ~λ1 = −~λ5 =
~α1 + ~α2, ~λ2 = −~λ4 = ~α2 and ~λ3 = 0. Therefore eq.(23) can be written as
(D−DΦ1)(D− iDΦ2)D(D+ iDΦ2)(D+DΦ1) =W (2)+W ( 32 )D+W (1)D2+D5 (24)
where
W (1) = −iDΦ1∂Φ1 − iDΦ2∂Φ2 +D∂Φ2 + 2iD∂Φ1
W (
3
2
) = −i∂2Φ2 + iDΦ1D∂Φ1 − (∂Φ2)2 − iDΦ2D∂Φ2
+2DΦ1D∂Φ2 − 2iDΦ1DΦ2∂Φ2
W (2) = −D∂2Φ1 +DΦ1∂2Φ1 − iDΦ1∂2Φ2 + iD∂Φ2∂Φ1 − (∂Φ2)2DΦ1
+∂Φ2DΦ2∂Φ1 − iDΦ2D∂Φ2DΦ1
=
1
2
D(W (
3
2
) +DW (1)) (25)
Using the equations of motion (22) it is easy to see that the Miura operator commutes
with the spinor derivative D¯ so that it generates a set of superholomorphic conserved
currents:
D¯W (s) = 0 s = 1,
3
2
, 2 (26)
We note that W (1) can be written as
W (1) = −iD~Φ · ∂~Φ + 2i~ρ ·D∂~Φ (27)
where ~ρ = (1,− i
2
) is the Weyl vector. It is proportional to the improved super
stress–energy tensor of the theory. Due to the conservation law (26) the theory has a
manifest N = 1 superconformal invariance. The components of W (1)
W (1)
∣∣∣
θ=0
= − i√
2
ψ1∂φ1 − i√
2
ψ2∂φ2 + i
√
2∂ψ1 +
1√
2
∂ψ2
DW (1)
∣∣∣
θ=0
= ∂φ1∂φ1 + ∂φ2∂φ2 +
i
2
ψ1∂ψ1 +
i
2
ψ2∂ψ2 − 2∂2φ1 + i∂2φ2 (28)
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are respectively the generators of supersymmetry and conformal transformations.
The quantum integrability of the theory has been addressed in Refs. [11, 12]
by studying the renormalization and conservation of the supercurrents. There it
has been shown that the holomorphic currents in eq.(25) maintain their form at the
quantum level, albeit the coefficients of the various terms acquire a coupling constant
dependence. We report here a brief summary of the procedure and refer for details
of the calculation to Ref.[11].
In order to determine the quantum corrections to the classical currents it is conve-
nient to use massless perturbation theory which is best suited for an all–loop analysis
[3]. The massless superspace propagators are given by
〈
Φi(Z, Z¯)Φj(0, 0)
〉
= −δij β
2
4π
D¯D[log(2zz¯)δ(2)(θ)] (29)
with (Z, Z¯) ≡ (z, θ, z¯, θ¯). The quantum lagrangian is defined by normal ordering
the exponentials in eq.(21) ( no ultraviolet divergences ), which are then treated as
interaction terms. The quantum conservation laws defined as
D¯Z
〈
W (s)(Z, Z¯)
〉
≡ D¯Z
〈
W (s)(Z, Z¯) exp
(
i
β2
∫
d2wd2θ′Lint
)〉
0
= 0 (30)
could be spoiled by local anomalies from Wick contractions of the current W (s) with
the first order expansion in Lint. In fact, once the D–algebra has been performed we
are left with terms of the form
D¯Z
∫
d2wA(z, θ, z¯, θ¯)D¯Z 1
(z − w)nB(w, θ, w¯, θ¯) (31)
where A and B are products of superfields and their derivatives. Now, using
D¯ZD¯Z
1
(z − w)n = −i∂¯z
1
(z − w)n =
2π
(n− 1)!∂
n−1
w δ
(2)(z − w) (32)
we produce local contributions which affect the last equality in eq.(30). In Ref. [11]
it has been proved that these potential anomalies can be cancelled by modifying the
classical W (s)-currents, i.e. by adding coupling constant dependent terms. Since the
calculation can be done to all–loop orders, the exact quantum version of the conserved
supercurrents is thus obtained. For the B(1, 1) case one has
W (1) = −iDΦ1∂Φ1 − iDΦ2∂Φ2 + (1− β
2
4π
)D∂Φ2 + 2i(1− β
2
8π
)D∂Φ1 (33)
W (
3
2
) = −i(1− β
2
4π
)∂2Φ2 + i(1− β
2
2π
)DΦ1D∂Φ1 − (∂Φ2)2 − iDΦ2D∂Φ2
+2(1− β
2
4π
)DΦ1D∂Φ2 − 2iDΦ1DΦ2∂Φ2 (34)
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The quantum spin–2 current can be obtained from eqs.(33) and (34) since W (2) is
linearly dependent on W (1) and W (
3
2
). Eq.(33) gives the quantum expression of the
super stress–energy tensor. The corresponding central charge is
c = 3 + 24~ρ 2q (35)
where the “quantum” Weyl vector is ~ρq =
(
1− β2
8π
,− i
2
+ iβ
2
8π
)
.
A massive perturbation of the B(1, 1) Toda theory is realized by adding to the
action (21) an exponential term associated to the lowest fermionic root
~α0 = −(q1~α1 + q2~α2) = (−1,−i) (36)
The action for the B(1)(1, 1) Toda theory is
S =
1
β2
∫
d2zd2θ
[
D~Φ · D¯~Φ + eΦ1−iΦ2 + 2eiΦ2 + e−Φ1−iΦ2
]
(37)
The classical mass spectrum can be obtained from the second order expansion of the
lagrangian:
L(2) ≡ −M1Φ21 −M2Φ22 = Φ21 − 2Φ22 (38)
It follows that the bosonic masses are
m21 = 2M
2
1 = 2 ; m
2
2 = 2M
2
2 = 8 (39)
We note that the classical mass spectrum is real despite the manifest non–unitarity
of the Lagrangian.
Due to the precence of a mass scale the perturbed theory is no longer conformally
invariant. The super stress–energy tensor acquires a non–vanishing trace and its
conservation law takes the form
D¯J (s) +DJ¯ (s) = 0 (40)
with s = 1. The study of higher–spin (s > 1)conserved currents reveals that the affine
theory does not have conserved quantities at levels s = 3
2
and s = 2. At the classical
level the first non–trivial conserved current has spin 3 and it can be expressed in
terms of the W–currents as
J (3) = W (1)DW (1) + 2W (1)W (
3
2
) (41)
While in the conformal case the two terms are separately holomorphic currents, in
the affine case only the linear combination above satisfies the classical conservation
law.
At the quantum level a lengthy calculation leads to a quantum spin–3 conserved
current [11] and to a corresponding charge
Q(3) =
∫
dzdθJ (3)(z, z¯, θ, θ¯) (42)
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which satisfies D¯Q(3) = 0.
The existence of higher–spin conserved currents insures the quantum integrability
of the system and the exact, factorizable S–matrix could be determined. The actual
construction of an S–matrix is complicated by the presence of solitons in the spectrum,
due to the periodicity of the potential under the shift
Φ2 → Φ2 + 2πk (43)
k being any integer. In particular, soliton solutions are given by Φ1 = 0 and Φ2
assuming the field configurations of the super sine–Gordon solitons [19]. The solitonic
masses are real.
The previous analysis can be extended to the B(n, n) theories with n > 1. These
are N = 1 superconformal models with central charge c = 3
2
r + 24~ρ 2, where r is
the rank of the algebra and ~ρ its Weyl vector. Massive perturbations associated to
the lowest fermionic root give rise to nonunitary integrable systems (the action is not
hermitian). However, the bosonic mass spectrum is real
m2k = 8sin
22πk
h
k = 1, · · · , 2n− 1
m22n = 2 (44)
For theories with n > 1 the classical mass ratios are affected by quantum corrections
[12].
These theories contain solitons. Indeed, setting to zero the fields which appear in
the potential with real couplings the generic B(1)(n, n) theory reduces to n decoupled
sine–Gordon systems. Solitons have a real mass spectrum. The reality of the elemen-
tary particle and soliton masses leads to the expectation that, even if unitarity is not
manifest at the lagrangian level, these theories admit a unitary restriction.
5. The A(1, 1) Toda theory
5.1. Conservation laws
We consider now the supersymmetric Toda theory associated to the A(1, 1) su-
peralgebra. This algebra is defined as sl(2, 2; C) factored by the one–dimensional
invariant subspace generated by I4. The purely fermionic Dynkin diagram and its
untwisted fermionic extension are given in Fig.1. Since this superalgebra is not sim-
ple, the number of simple roots exceeds the rank by one. Their explicit expressions
can be given in terms of two–dimensional vectors as
~α1 = = (1,−i)
~α2 = = (1, i)
~α3 = −~α1 (45)
The corresponding supersymmetric action is
S =
1
β2
∫
d2zd2θ
[
DΦ1D¯Φ1 +DΦ2D¯Φ2 + e
Φ1−iΦ2 + eΦ1+iΦ2 + e−Φ1+iΦ2
]
(46)
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and the equations of motion for the two superfields are
DD¯Φ1 =
1
2
(
eΦ1−iΦ2 + eΦ1+iΦ2 − e−Φ1+iΦ2
)
DD¯Φ2 =
1
2
(
−ieΦ1−iΦ2 + ieΦ1+iΦ2 + ie−Φ1+iΦ2
)
(47)
To establish the existence of classical conserved currents one can construct the Miura
operator (Ref. [12])
D(D −DΦ1 + iDΦ2)(D + 2iDΦ2)(D +DΦ1 + iDΦ2) = D4 +
2∑
i=0
W (
3
2
− i
2
) Di (48)
which gives the classical currents
W (
1
2
) = −2∂Φ2 + 2iDΦ2DΦ1
W (1) = iDΦ1∂Φ1 + iDΦ2∂Φ2 − iD∂Φ1 −D∂Φ2 + iD(DΦ2DΦ1)
W (
3
2
) = −D(W (1) −DW ( 12 )) (49)
The Miura operator in eq.(48) does not commute with the spinor derivative D¯, so in
general the W–currents are not holomorphic. However, using the equations of motion
(47) one obtains
D¯W (1) = 0 (50)
and
D¯W (
1
2
) = −2De−Φ1+iΦ2 D¯W ( 32 ) = −2iD∂e−Φ1+iΦ2 (51)
The spin–1 current is holomorphic and gives the classical traceless super stress–energy
tensor of the theory, whereas W (
1
2
) and W (
3
2
) are not holomorphic but still conserved.
The existence of a spin–1 holomorphic current is a general property of all the A(n, n)
theories which describe then N = 1 superconformal models.
The expressions in eq.(49) give also the correct currents for the quantum system
since in this case no corrections appear in the study of the conservation laws (50),(51).
Writing W (1) in components we obtain the supersymmetry current
W (1)
∣∣∣
θ=0
=
i√
2
ψ1∂φ1+
i√
2
ψ2∂φ2− i√
2
∂ψ1− 1√
2
∂ψ2− 1√
2
ψ1∂φ2+
1√
2
ψ2∂φ1 (52)
and the stress–energy tensor which generates conformal tranformations
DW (1)
∣∣∣
θ=0
= −∂~φ · ∂~φ− i
2
~ψ · ∂ ~ψ + ∂2φ1 − i∂2φ2 − 1
2
∂(ψ2ψ1) (53)
We note that in this case the traceless condition requires the addition of the fermionic
improvement term 1
2
∂(ψ1ψ2). This term gives a negative contribution to the central
charge which turns out to be identically zero. In the next subsection we will discuss
some of the implications of these results.
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We turn now to the massive perturbation of the theory realized by adding to the
potential the exponential associated to the fermionic lowest root
~α0 = −(~α1 + ~α2 + ~α3) = (−1,−i) (54)
The affine Toda action
S =
1
β2
∫
d2zd2θ
[
D~Φ · D¯~Φ+ eΦ1−iΦ2 + eΦ1+iΦ2 + e−Φ1+iΦ2 + e−Φ1−iΦ2
]
(55)
is manifestly hermitian and symmetric under Φ1 → −Φ1 and Φ2 → −Φ2. The bosonic
classical masses are
m21 = m
2
2 = 8 (56)
The classical mass ratios are stable under quantum corrections [12].
The system is quantum integrable. In addition to the W (
1
2
) current and the super
stress–energy tensor W (1) which are conserved also in the affine theory, the first
nontrivial conserved current appears again at s = 3. Its exact quantum expression is
(for details of the calculation see Ref. [12])
J (3) = −i
(
1− 11β
4
16π2
)
[D∂Φ1∂
2Φ1 +D∂Φ2∂
2Φ2]− i
(
1− 3β
2
4π
)
DΦ1(∂Φ1)
3
+i
(
1 +
3β2
4π
)
DΦ2(∂Φ2)
3 − i
(
3− 9β
2
4π
)
(∂Φ1)
2DΦ2∂Φ2
+i
(
3− 3β
2
4π
)
(∂Φ2)
2DΦ1∂Φ1 − 3β
2
π
DΦ1D∂Φ1DΦ2∂Φ2 (57)
The spectrum of the theory contains soliton solutions which are the same as in the
super sine–Gordon model.
The A(n, n) theories with n > 1 describe N = 1 superconformal models with
central charge c = 0. Their untwisted fermionic affinization is described by an action
which is not hermitian, nonetheless the bosonic particle mass spectrum is real
m2k = m
2
2n+1−k = 8sin
2 πk
n + 1
k = 1, · · · , n (58)
and stable under quantum corrections. Solitonic solutions with real masses have also
been determined [13, 20].
5.1. N=2 supersymmetry
In addition to the explicit N = 1 supersymmetry the A(n, n) models possess a
second supersymmetry [13]. We discuss here the n = 1 case. The actions in eqs.(46),
(55) for the conformal and massive A(1, 1) theories respectively, are invariant under
N = 2 supersymmetry transformations
δΦ1 = εQ1Φ1 δΦ1 = ξQ2Φ2
δΦ2 = εQ1Φ2 δΦ2 = −ξQ2Φ1 (59)
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generated by the two anticommuting operators
Q1 = ∂θ − iθ∂ Q2 ≡ D = ∂θ + iθ∂ (60)
In terms of the superfields
Φ+ = Φ1 + iΦ2 ≡ φ+ + 1√2θψ+ + 1√2 θ¯ψ¯+ + θθ¯F+ (61)
Φ− = Φ1 − iΦ2 ≡ φ− + 1√2θψ− + 1√2 θ¯ψ¯− + θθ¯F− (62)
we can write the general action as
S =
1
β2
∫
d2zd2θ
[
DΦ+D¯Φ− + e
Φ
− + eΦ+ + g1e
−Φ
− + g2e
−Φ+
]
(63)
Setting g1 = 1, g2 = 0 it gives the A(1, 1) N = 1 superconformal invariant action
in eq.(46); for g1 = g2 = 1 it gives the affine A
(1)(1, 1) action (55), whereas for
g1 = g2 = 0 it reduces to theN = 2 superconformal A(1, 0) theory [17]. In components
we have
S =
∫
d2z
[
∂φ+∂¯φ− +
i
2
ψ+∂¯ψ− − i
2
ψ¯+∂ψ¯−
−eφ++φ− + g1eφ+−φ− + g2e−φ++φ− − g1g2e−φ+−φ−
+
1
2
ψ¯+ψ+
(
eφ+ + g2e
−φ+
)
+
1
2
ψ¯−ψ−
(
eφ− + g1e
−φ
−
)]
(64)
Correspondingly we can reexpress the W–currents in eq.(49) as
W (
1
2
) = DΦ+DΦ− + i∂Φ+ − i∂Φ−
W (1) = iDΦ−∂Φ+ − iD∂Φ− (65)
They satisfy the conservation equations
D¯W (
1
2
) = −2D
(
g1e
−Φ
− − g2e−Φ+
)
D¯W (1) = −2i∂
(
g2e
−Φ+
)
(66)
In particular, when g1 = g2 = 0 they are holomorphic.
We discuss now the various symmetries generated by these currents. At the com-
ponent level we define
J ≡ W ( 12 )
∣∣∣
θ=0
=
1
2
ψ+ψ− + i∂φ+ − i∂φ−
Q+ ≡
√
2i
[
W (1)
∣∣∣
θ=0
− DW ( 12 )
∣∣∣
θ=0
]
= −ψ+∂φ− + ∂ψ+
Q− ≡
√
2i W (1)
∣∣∣
θ=0
= −ψ−∂φ+ + ∂ψ−
T ≡ DW (1)
∣∣∣
θ=0
= −∂φ−∂φ+ − i
2
ψ−∂ψ+ + ∂
2φ− (67)
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The Q± currents generate the two supersymmetry transformations, J is a U(1) gen-
erator and T is the stress–energy tensor of the theory. As previously emphasized,
the central charge vanishes. Using the expressions of the currents in eq.(67) we can
construct the corresponding charges from which the infinitesimal transformations of
the fields can be easily computed. In general, from the conservation equation
∂¯J (s) = ∂J¯ (s) (68)
it follows that the corresponding time independent charge, dQ
(s)
dt
= 0 is
Q(s) =
∫
dzJ (s) +
∫
dz¯J¯ (s) (69)
Using the equations of motion derivable from the action in eq.(64) we have
∂¯J = ∂
[
1
2
ψ¯−ψ¯+ + i∂¯φ+ − i∂¯φ−
]
∂¯Q+ = ∂
(
−2ig1ψ¯−e−φ−
)
+ ∂
[
∂¯ψ+ + iψ¯−
(
eφ− + g1e
−φ
−
)]
∂¯Q− = ∂
(
−2ig2ψ¯+e−φ+
)
+ ∂
[
∂¯ψ− + iψ¯+
(
eφ+ + g2e
−φ+
)]
∂¯T = ∂
[
−2g2
(
e−φ++φ− − g1e−φ+−φ−
)
+ g2ψ+ψ¯+e
−φ+
]
+i∂
[
ψ+∂¯ψ− + iψ+ψ¯+
(
eφ+ + g2e
−φ+
)]
+
i
2
∂
[
ψ−∂¯ψ+ + iψ−ψ¯−
(
eφ− + g1e
−φ
−
)]
+∂
[
∂∂¯φ− +
(
eφ+ + g2e
−φ+
) (
eφ− − g1e−φ−
)
+
1
2
ψ+ψ¯+
(
eφ+ − g2e−φ+
)]
(70)
In the r.h.s. we have included terms which vanish on–shell in such a way that the
charges constructed according to eq.(69) do generate invariances of the action. We
obtain
1) U(1)–transformations:
δJφ± = 0
δJψ± = ∓ζψ±
δJ ψ¯± = ±ζψ¯± (71)
2) Q+–supersymmetry transformations:
δQ+φ+ = ξψ+
δQ+φ− = 0
δQ+ψ+ = 0
δQ+ψ− = 2iξ∂φ− + 2i∂ξ
δQ+ψ¯+ = 2ξ
(
eφ− − g1e−φ−
)
δQ+ψ¯− = 0 (72)
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3) Q−–supersymmetry transformations:
δQ
−
φ+ = 0
δQ
−
φ− = εψ−
δQ
−
ψ+ = 2iε∂φ+ + 2i∂ε
δQ
−
ψ− = 0
δQ
−
ψ¯+ = 0
δQ
−
ψ¯− = 2ε
(
eφ+ − g2e−φ+
)
(73)
4) Conformal transformations generated by T :
δTφ+ = λ∂φ+ + ∂λ
δTφ− = λ∂φ−
δTψ+ = λ∂ψ+
δTψ− = λ∂ψ− + ∂λψ−
δT ψ¯± = λ∂ψ¯± (74)
In the A(1, 0) theory both W (
1
2
) and W (1) are superholomorphic currents and
the action is invariant under the local transformations given above. The holomorphic
currents J , Q± and the “untwisted” stress–energy tensor T ′ ≡ T− 12∂J generate aN =
2 superconformal algebra. The topological version [21] of this N = 2 superconformal
theory is described by the c = 0 stress-energy tensor T . The role of the BRST charge
is played by the supersymmetry charge Q+ which satisfies the nihilpotency condition
Q2+ = 0. It is easy to check that the stress-energy tensor can be written as
T = {QBRST, Q−} (75)
The A(1, 1) Toda system is obtained by adding the g1 perturbation. As explicitly
shown in eq.(66) the W (
1
2
) current is no longer holomorphic, so that the U(1) and Q+
symmetries become rigid. However, the stress-energy tensor T is still holomorphic
and the theory preserves a N = 1 superconformal invariance. We note that being
T the only holomorphic spin–1 current, the A(1, 1) Toda theory is naturally in its
topological, conformal phase.
Finally we can switch the g2–perturbation on and reach the A
(1)(1, 1) massive
theory. In this case neither current is holomorphic and all the symmetries become
rigid. The current T is the stress–energy tensor associated to the topological version
of the theory.
6. Conclusions
We have analyzed the quantum integrability of the A(1, 1) and B(1, 1) super-
symmteric Toda theories and of their affine untwisted extensions. We have chosen
these two specific examples since they are good representatives of the more general
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supersymmetric theories based on the A(n, n), D(n + 1, n) and B(n, n) superalge-
bras. Most of the relevant issues could be discussed in a simple setting and easily
generalized: in particular we have given an explicit lagrangian realization in N = 1
superspace and constructed the quantum higher–spin conserved currents both in the
conformal and massive case.
The B(1, 1) Toda theory is characterized by two holomorphic conserved supercur-
rents of spin 1 and 3
2
. The components of W (1) are the generators of supersymmetry
and conformal transformations, while W (
3
2
) contains the generators of higher–spin
transformations.
The supersymmetric theory based on the A(1, 1) superalgebra possesses a second
supersymmetry in addition to the one manifest in the N = 1 superspace formalism.
In fact the theory admits two conserved supercurrents of spin 1
2
and 1. The spin–
1 current is holomorphic and its components are one supersymmetry current and
the stress-energy tensor. The W (
1
2
)–current is not holomorphic, but still conserved:
at the component level it contains the generator of U(1)–transformations and the
second supersymmetry current. As emphasized in the previous section, the stress–
energy tensor that we have obtained via the Miura operator construction has zero
central charge and it can be written as a BRST–commutator.
We have briefly discussed the implications of the existence of these quantum sym-
metries for the A(1, 0), A(1, 1) and A(1)(1, 1) theories. A more detailed analysis will
be presented in a future publication [20].
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Figure 1: Fermionic Dynkin diagrams for Lie superalgebras and their affine exten-
sions. The crossed circles denote fermionic roots with vanishing norm. In the affine
diagrams the Kac labels are explicitly shown.
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